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The displacement-actuated continuum robot as an ab-
straction has been shown as a key abstraction to signifi-
cantly simplify and improve approaches due to its relation
to the Clarke transform. To highlight further potentials,
we revisit and extend this abstraction that features an in-
creasingly popular length extension and an underutilized
twisting. For each extension, the corresponding mapping
from the joint values to the local coordinates of the mani-
fold embedded in the joint spaces is provided. Each map-
ping is characterized by its compactness and linearity.

1 INTRODUCTION
Utilizing a suitable abstraction is arguably a stepping

stone to breaking through unsolved problems, develop-
ing advanced methods, and gaining further insights. For
kinematic modeling in robotics, the pose is often decom-
posed in a translational vector and an orientation repre-
sentation, where different representation exists, e.g., as
a rotation matrix, one of twelve sets of Euler angles, or
quaternions. This formulation of the pose is an abstrac-
tion of the task space. Coupled abstraction exists, too,
e.g., dual quaternions. Especially in serial-kinematic rigid
robots, an intermediate space based on line geometry is
used to bridge the task space and joint space, such as
the Denavit-Hartenberg parameters or the product of ex-
ponentials. Due to the nature of serial-kinematic rigid
robots, the joint space is the configuration space, and no
special abstraction is needed. Furthermore, the joint and
actuation space are normally linearly related through a
gear ratio. However, for serial-kinematic robots with flex-
ible joints, e.g., [1, 2], the joint flexibly has to be consid-
ered, e.g., by extending the states using a spring model

[3] leading to a 4th order dynamic flexible joint robot.
A similar approach is used for kinematic modeling

in continuum and soft robotics, see Fig. 1. For obvious
reasons, the abstraction of the task space is similar. No-
tice that one can observe that most approaches are limited
to position, highlighting the challenges in considering the
properties of SO(3). The intermediate space often uti-
lizes geometry based on circles and arcs. Hence, one
might prefer the arc space [4, 5] over the configuration
space [6, 7] to denote this intermediate space. In con-
trast to serial-kinematic rigid robots, the joints are often
interdependent and, at the same time, the dimensionality
of the joint space is higher than the accessible degrees of
freedom in the arc space as well as the task space. Both
characteristics impose challenges in modeling. To over-
come this, improved state representations [8, 9, 10] have
been introduced. However, these are limited to three or
four joints and their symmetrical location. This hints at a
missing abstraction, as the improved state representations
cannot be extended to overcome their limitations. The
actuation space is often used as a synonym for the joint
space. Although the distinction might not be necessary,
since most continuum robot prototypes use stiff actuators,
e.g., DC motors with high gear ratio, it can be important to
do so when considering quasi-drive actuation, e.g., [11],
that is back-drivable and capable of proprioceptive sens-
ing.

From the above comparison, we conclude that an ab-
straction for the joint space is missing. This gap causes
restrictions on design consideration, creates confusion on
the system’s redundancy, favors brute forcing a solution,
constrains approaches to arc space, and obstructs insights,
limiting the research endeavor and applicability of contin-



uum robots. Furthermore, it causes the actuation space
and joint space to be improperly abstracted. We note
that if the joint space is properly abstracted, the actuation
space is automatically abstracted as well. The abstraction
of the actuation space depends on the actuation used, e.g.,
pneumatic bellows, cable, tendons, and push-pull rods.

Surprisingly, a rather straightforward abstraction can
address most of the challenges. This abstraction was re-
cently introduced by Grassmann et al. [12] to gener-
alize the improved state representations. The so-called
displacement-actuated continuum robot is a necessary ab-
straction to achieve the generalization. While this abstrac-
tion has been defined for symmetrical joint locations, the
same group has extended their approach [13] to account
for random joints. However, the current abstraction only
accounts for 2 dof per segment, although 4 dof per seg-
ment can be achieved [5].

In a recent work by Grassmann & Burgner-Kahrs
[14], they show that Clarke coordinates [12] are linear
to improved state parameterizations proposed by Della et
al. [8], Allen et al. [9], and Dian et al. [10]. Therefore,
methods based on approaches such as forward kinemat-
ics [8, 10, 12], inverse kinematics [12], Jacobian of the
forward kinematics [8, 10], Lagrangian dynamics [8, 10],
kinematic control [12, 13], model-based control [8], slid-
ing mode control [10], state observer [10], trajectory gen-
eration [15], and sampling method [12] are well-defined.
Furthermore, derived methods are linear, compact, com-
putationally efficient, and closed-form. While the current
abstraction [12, 13] applies to a wide set of continuum
and soft robots, it is limited to spatial bending. The inclu-
sion of extensible segments [16, 5] or segments that can
twist [17] is desirable. The former has become increas-
ingly relevant [18].

In the presented work, we are building work on a
displacement-actuated continuum robot [12] to extend
this abstraction to 3 dof and 4 dof per segment as well
as to multi-segment design. Furthermore, we summarize
recent achievements, highlight current possibilities, and
point to challenges toward a complete understanding of
this abstraction. In particular, the following contributions
are made:

• An in-depth description of the key abstraction
Displacement-Actuated Continuum Robot

• Its extension to fully actuated segment and multi-
segment design

• Discussion on joint representation as abstraction
merging from the key abstraction

Table 1. Kinematic design parameters

Notation Description

l(j) Length of the jth segment

n(j) Number of joints of the jth segment

ψ
(j)
i angular part of the polar coordinate(

d
(j)
i , ψ

(j)
i

)
of the ith joint location of

the jth segment

d
(j)
i translational part of the polar coordinate(

d
(j)
i , ψ

(j)
i

)
of the ith joint location of the jth

segment

2 DISPLACEMENT-ACTUATED CONTINUUM
ROBOT
An abstraction helps organize the relevant details and

hide the irrelevant information about the actuation, see
Fig. 1. The relevant details are the kinematic parame-
ters and three assumptions. By stating them, we gain
three benefits. First, using displacement-actuated joints
for kinematics, it is irrelevant whether the displacement
is caused by pneumatics, hydraulics, cable, push-pull rod,
tendon, or other means. This allows for a wide range of
continuum and soft robots to be covered. Second, it re-
veals implicit assumptions that might be hidden from the
researcher and practitioner and might cause challenges or
failures. Third, clear questions can be formulated, e.g., to
find a point of view to exploit the abstraction.

Grassmann et al. [12] introduce the displacement-
actuated continuum robot as an abstraction. Here, we
expand on their brief introduction, incorporate variable
kinematic parameters, and introduce variants for seg-
ments with higher degrees of freedom.

2.1 Kinematic Design Parameters
A set of kinematic design parameters fully describes

this abstraction. The relation between the kinematic de-
sign parameters and a DACR with one segment as a con-
tinuum structure is sketched in Fig. 2. The kinematic de-
sign parameters are the number of joints n(j), the initial
length l(j), the distance d(j)i , and the angle ψ(j)

i . The last

two parameters are the polar coordinates
(
d
(j)
i , ψ

(j)
i

)
of

each joint on a cross-section, see Fig. 2. Furthermore,
superscript j and subscript i indicate the relation to jth

segment and ith joint, respectively. Table 1 lists the kine-
matic design parameters with the corresponding subscript
and superscript.
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Fig. 1. Abstraction leads to mathematical models. The model of the physical world informs the abstraction and this representation.

Fig. 2. Displacement-actuated continuum robot. Assuming fully
constrained actuation paths, the distance di and angleψi of each
joint location on the cross-section is constant along the arc length.

2.2 Segment Types and Joint Parameters
Aside from the kinematic design parameters, joint

parameters change the continuum manipulator from an
initial configuration to a desired one. To introduce vari-
ants of DACR, we adapt the idea of a fully actuated seg-
ment [5] for DACR. For tendon-driven continuum robots,
Grassmann et al. [5] introduce the concept of floating
spacer disks, where the degrees of freedom of each disk

classify its type. The type of spacer disk further gives rise
to the degrees of freedom of the segment. We adopt this
line of thought. Hence, for a spatial segment of a DACR,
we define:

• Type-0 segment is an incompressible and torsional
stiff segment that can bend in two orthogonal bend-
ing planes.

• Type-I segment is a torsional stiff segment that can
bend and change its length.

• Type-II segment is an incompressible segment that
can bend and twist.

• Type-III segment is a segment that can bend, twist,
and change its length.

Note that an incompressible segment theoretically
and mathematically cannot bend. However, we assume
that some compression and decompression are possible
such that bending is achievable and the length of the
neutral axis l(j) is unchanged. Furthermore, note that a
type-III segment can be seen as a generalized fully actu-
ated segment proposed by Grassmann et al. [5], where
the generalization lies in changing tendon actuation to a
displacement-actuated joint. Finally, note that our nota-
tion does not account for a non-bending segment that can
twist and change its length. One might refer to it as a



Table 2. Joint parameters

Notation Description

ρ(j) displacements of the jth segment as vector

ρ
(j)
i ith displacements of ρ(j) as a scaler

β(j) translational parameter of the jth segment as a
scaler

α(j) rotational angle of the jth segment at its proxi-
mal end as a scaler

non-bending type-III segment.
Each of the segments can bend induced by displace-

ments ρ(j). A segment that can change its length has an
additional joint denoted by β(j). For a segment that can
twist around on its neutral axis, a rotational angle α(j) at
its proximal end is the associated joint. As for the kine-
matic design parameters, subscript j and superscript i re-
fer to jth segment and ith joint, respectively. Table 2 lists
the joint parameters.

2.3 Assumptions
This abstraction comes with two assumptions: a

smooth backbone and a fully constrained actuation path.
The latter is an adopted terminology by Rao et al. [7].
Notice that, by providing a relation between a set of kine-
matic parameters, this can be seen as an assumption given
as an equation.

A smooth backbone is a crucial assumption other-
wise, the robot is not considered a continuum robot ac-
cording to Burgner-Kahrs et al. [19]. A backbone with
a continuous tangent vector is at least G1 smooth. In
contrast, a piece-wise linear backbone with at least two
pieces in a non-straight configuration is G0 smooth and,
therefore, it is geometrically not smooth enough. Figure 3
illustrates both geometrical smooth backbones. Note that
a combination of linear and circular pieces can never be
G2 smooth and, in general, it is not G1 smooth, see Bi-
agiotti & Melchiorri [20], where the argument is made
using analytical smoothness C. Fortunately, a backbone
with multiple circular segments is G1 smooth if the ad-
joining segments have the same tangent at their intersec-
tion.

A fully constrained actuation path, as shown in Fig. 2
and Fig. 3, is an assumption that mimics the geometric
smoothness G of the backbone and, therefore, the na-
ture of a continuum robot. As illustrated in Fig. 3, mov-
ing a circle or sphere with constant radius d along the
backbone constructs parallel curves that are fully con-

Fig. 3. Geometric smoothness G. The smooth backbone
informs both fully constrained actuation paths that are parallel
curves. The minimal distance between them is always d. Left
side: The backbone of length l(j) is a curve with continuous tan-
gent vectors. Here, lleft < l(j) and lright > l(j) differs to l(j) by
a same absolute among, i.e., |dϕ|. Right side: The construction
of the parallel curves creates degenerate cases with loops and
cusps between straight lines, see Pham [21] for visualizations.
Furthermore, the fully constrained actuation paths are composed
of straight and curved pieces.

strained actuation paths. While this depiction focuses on
a two-dimensional case, it can be extended to the spatial
case. Let us consider the two-dimensional case depicted
in Fig. 3 as the projection onto the bending plane, where
θ is the bending plane angle, also known as the direc-
tion of the bending. Using the idea of virtual displace-
ment [12, 22], the parallel curve can be interpreted as the
fully constrained actuation path of the virtual displace-
ment. Now, we distribute this path to all n joint locations
using the Clarke transform [12] to complete the argument.
Note that a proper proof for the extension from Fig. 3 to
Fig. 2 would require the continuous formulation of the
Clarke transform.

The two assumptions result in the fact that shear
should not be considered and that a displacement con-
straint emerges. Due to the construction of both par-
allel curves, shearing of the backbone can be problem-
atic. Considering shear can lead to a G0 smooth back-
bone. This justifies the four considered types, i.e., type-
0 to type-III, at the beginning. Moreover, the displace-
ments being the length changes, i.e., l(j)− lleft = ρleft and
l(j) − lright = ρright, in Fig. 3 result in a constraint

(
l(j) − lleft

)
+
(
l(j) − lright

)
= 0, (1)

which is a reformulated property of parallel curves
[23] that has been previously shown by Grassmann and
Burgner-Kahrs [15]. Therefore, assuming a fully con-
strained actuation path and a smooth backbone leads to
a displacement constraint.



3 DACR WITH ONE TYPE-0 SEGMENT
This type is often considered in the literature. It is

fully described by the kinematic design parameters and
displacements ρ(j). In the following, we describe possi-
ble considerations regarding the joint locations, i.e., ϕ(j)i

and d(j)i . Furthermore, the joint representation, i.e., dis-
placement ρ(j), can be compressed without loss of infor-
mation into two variables. The key approach is the Clarke
transform, which is briefly described, too.

3.1 Joint Locations and Joint Representation
This variant introduced by Grassmann et al. [12]

considers n(j) symmetric arranged joint locations given
by

ψ
(j)
i = 2π

i− 1

n(j)
and d

(j)
i = d(j) ∈ R+. (2)

It generalizes previous designs mostly limited to n(j) ∈
[3, 4] joints. Only a few mechanical designs consider a
higher n(j), e.g. Olson et al. [24] and Davland et al. [25]
use n(j) = 6. The generalization lies in the extension to
n(j) ≥ 3. An extension by Grassmann & Burgner-Kahrs
[13] is the most generalized version of a type-0 segment.
It considers arbitrary joint locations given by

ψ
(j)
i = [0, 2π) and d

(j)
i ∈ R+ (3)

on the cross-section of a continuum structure, see Fig. 2.
To actuate a type-0 segment, the joint values are de-

scribed by displacements ρ(j)i and represented as

ρ(j)=



ρ
(j)
1

ρ
(j)
2

...

ρ
(j)
n


=



ρ
(j)
Re cos

(
ψ
(j)
1

)
+ ρ

(j)
Im sin

(
ψ
(j)
1

)
ρ
(j)
Re cos

(
ψ
(j)
2

)
+ ρ

(j)
Im sin

(
ψ
(j)
2

)
...

ρ
(j)
Re cos

(
ψ
(j)
n

)
+ ρ

(j)
Im sin

(
ψ
(j)
n

)


(4)

with ρ(j) ∈ QP ⊂ Rn according to Grassmann et al.
[12]. For details on the joint space QP , we kindly refer to
[12] and [14]. All displacements (4) are interdependent,
obey

n∑
i=1

ρ
(j)
i = 0, (5)

Table 3. Clarke coordinates of jth segment

Notation Description

ρ
(j)
Re real part of the Clarke coordinates of ρ(j) as a

scaler

ρ
(j)
Im imaginary part of the Clarke coordinates of

ρ(j) as a scaler

and have only two free variables [12]. The Clarke coordi-
nates

ρ(j) =
[
ρ
(j)
Re , ρ

(j)
Im

]⊤
∈ R2 (6)

are those free variables of Eqn. (4). Table 3 lists them.
Furthermore, Eqn. (6) are the local coordinates of the
2 dof manifold embedded in the ndof joint space QP .

3.2 Clarke Transform
Grassmann et al. [12] propose Clarke transform. To

transform both representations, i.e., Eqn. (4) and Eqn. (6),
into each other, the forward and inverse Clarke transform
simplify to

ρ(j) = MPρ
(j) and (7)

ρ(j) = MR
Pρ

(j) (8)

respectively. The inverse generalized Clarke transforma-
tion matrix MR

P in Eqn. (8) can be found through an anal-
ogy [12] incorporating Eqn. (5), or using vectorization
[13] of Eqn. (4). It is

MR
P =



cos
(
ψ
(j)
1

)
sin

(
ψ
(j)
1

)
cos

(
ψ
(j)
2

)
sin

(
ψ
(j)
2

)
...

...

cos
(
ψ
(j)
n

)
sin

(
ψ
(j)
n

)


, (9)

which holds for symmetrically and asymmetrically ar-
ranged joints as described by Eqn. (2) and Eqn. (3), re-
spectively. Note that Eqn. (9) is the right inverse of the
non-square matrix (11). Furthermore, for the sake of
readability, we omit j for the notation of MP and MR

P
throughout this work.



For the general case (3) presented by Grassmann &
Burgner-Kahrs [13], the generalized Clarke transforma-
tion matrix MP in Eqn. (7) is the Moore-Penrose pseu-
doinverse for solving undetermined linear systems. This
leads to

MP =

((
MR

P

)⊤
MR

P

)−1 (
MR

P

)⊤
, (10)

which is an exact solution. Note that Eqn. (8) is an unde-
termined linear system and not an overdetermined linear
system. Solving the former is an exact solution, whereas
solving the latter leads to an approximation.

For symmetrical arrangement (2), Eqn. (10) simpli-
fies to

MP =
2

n(j)

cos
(
ψ
(j)
0

)
cos

(
ψ
(j)
1

)
· · · cos

(
ψ
(j)
n

)
sin

(
ψ
(j)
0

)
sin

(
ψ
(j)
1

)
· · · sin

(
ψ
(j)
n

)
 (11)

when the joint locations are symmetrically arranged ac-
cording to Eqn. (2). Grassmann et al. [12] propose the
generalized Clarke transformation matrix (11) derived us-
ing an analogy to approaches in electrical engineering.
We kindly refer to [12, 14] for a discussion on intuition
and analogy. Grassmann & Burgner-Kahrs [13] prove the
simplification from Eqn. (10) and to Eqn. (11).

4 DACR WITH ONE TYPE-I SEGMENT
This type features an additional degree of freedom,

i.e., variable segment length. A recent survey by Alondoli
et al. [18] shows that this robot morphology gains more
relevance. In the following, we discuss how the variable
segment length is incorporated using the current represen-
tation. Finally, we advocate to include a third variable.

4.1 Incorporating Variable Segment Length
First, we restate the relation between arc parameters

and Clarke coordinates. Second, we reestablish the con-
nection between displacements ρ(j) and Clarke coordi-
nates ρ(j). For that, we can conclude that neither ρ(j) nor
ρ(j) can recover segment length l(j). Afterward, two fil-
ter properties are restated to infer the segment length l(j)

from the joint length as input.
For the following, we assume a symmetric joint ar-

rangement as stated in Eqn. (2). The segment length l(j) is
encoded in the Clarke coordinates if constant curvature is
assumed to establish the connection to the arc parameters

[12]. The non-linear combination of the arc parameters is

[
d(j)l(j)κ(j) cos

(
θ(j)

)
d(j)l(j)κ(j) sin

(
θ(j)

)] = ρ(j) = MPρ
(j), (12)

where θ(j) is the bending plane angle, ϕ(j) = l(j)κ(j) is
the bending angle, and κ(j) is the curvature within in the
bending plane. Note that κ(j) is constant w.r.t. the arc
length s. Therefore, the constant curvature assumption
[26] is necessary to derive the left-hand side of Eqn. (12).
However, the right-hand side does not rely on this as-
sumption [12, 15, 14].

The magnitude of ρ(j) and ρ(j) are related [13, 27],
i.e.,

(
ρ(j)

)⊤
ρ(j) =

2

n(j)

(
ρ(j)

)⊤
ρ(j).

Given this relation, in principle, the l(j)κ(j) can be found
for a given ρ(j). However, the segment length l(j) and
the curvature κ(j) are combined in a non-linear way, i.e.,
l(j)κ(j). Therefore, l(j) cannot be computed without prior
knowledge of κ(j). Especially for the constant curvature
case, l(j) cannot be computed in the straight configura-
tion. For the non-constant curvature case, if ϕ(j) = 0,
both ρ(j) and ρ(j) are zero vectors [15]. As a conse-
quence, neither ρ(j) nor ρ(j) can be used to compute l(j).

This is already hinted by the fact that the displace-
ments (4) are decoupled from the segment length l(j). The
fact that l(j) cannot be recovered is indicated by the prop-
erties

02×1 = MP1n×1 and 0n×1 = MR
PMP1n×1, (13)

where 1n×1 has ones everywhere, whereas 02×1 and
0n×1 have zeros everywhere. For the sake of readablity
and compactness, we omit the reference to j in n(j) for
the subscriptions, e.g., 1n×1 instead of 1n(j)×1. Both
properties (13) show that a constant value, e.g., l(j)1n×1,
is filtered out. However, Eqn. (13) are useful to infer l(j)

from the joint length.
In the literature, e.g., [6, 7], the joint lengths l(j)i =

l(j) − ρ
(j)
i are often used. Vectorizing l(j)i leads to

q(j) =
[
l
(j)
1 l

(j)
2 . . . l

(j)
n

]⊤
= l(j)1n×1 − ρ(j), (14)

where l(j)1n×1 equally adds l(j) to all displacements. Us-
ing the properties (13) stated above and in [27, 14], we



can find ρ(j) = MR
PMPq

(j). Applying it to Eqn. (14)
leads to (

In×n +MR
PMP

)
q(j) = l(j)1n×1 (15)

after some algebraic manipulation. To extract l(j), one
might use left multiplication with 11×n, which leads to

11×n

(
In×n +MR

PMP

)
q(j) = n(j)l(j), (16)

or the dot product of Eqn. (15).

4.2 Joint Representation including Length Exten-
sion

Clarke coordinates (6) are two variables re-
lated to two arc parameters, i.e., ϕ(j) cos

(
θ(j)

)
and

ϕ(j) sin
(
θ(j)

)
, as indicated by Eqn. (12). Therefore, it

is unsurprising that the Clarke coordinates, i.e., ρ(j)Re and
ρ
(j)
Im , cannot account for a third variable, e.g., segment

length l(j).
While joint length (14) can be used to find the seg-

ment length l(j), it simplifies to displacement (4) for type-
0 segments. This is due to Eqn. (13). Indeed, all proposed
improved state parameterizations [8, 9, 28] derived for q
can be derived using ρ, and are Clarke coordinates [14].
To take advantage of the displacement representation, we
can write [

ρ(j)

β(j)

]
=

[
MP 0n×1

01×n 1

][
ρ(j)

β(j)

]
, (17)

as transformation between both extended parameteriza-
tions. Both are extended by β(j), a joint value of jth seg-
ment length. When using q(j) instead of ρ(j), one can
substitute ρ(j) for −q(j) in Eqn. (17). Alternatively, we
can find

[
ρ(j)

β(j)

]
=

 −MP

1

n(j)
11×n

(
In×n +MR

PMP

) q(j),

(18)

where β(j) = l(j) and Eqn. (16) are used. Note that the
used convention in Eqn. (14) causes a negative MP in
Eqn. (18).

The right selection between Eqn. (17) and Eqn. (18)
is informed by the given hardware. For example,

Eqn. (17) is useful for tendon-driven continuum robot,
e.g., [16], as the variable length is actuated by an addi-
tional actuator. In contrast, a pneumatic actuated contin-
uum soft robot, e.g., [8], is better described by Eqn. (18)
as the variable length is an intrinsic feature of pneumatic
actuators.

The inverse of Eqn. (17) is straightforward as it just
involves MR

P , cf. Eqn. (8) and Eqn. (17). To find the
inverse of Eqn. (18), we can vectorize Eqn. (14) instead of
finding the pseudoinverse of the matrix used in Eqn. (18).
This leads directly to

q(j) =
[
−MR

P 1n×1

] [ρ(j)

β(j)

]
, (19)

where β(j) is l(j). Note that
[
−MR

P ;1n×1

]
∈ Rn×3.

5 OTHER TYPES OF DACR
In this section, we briefly dive into further extension

as mentioned in Sec. 2. In particular, DACR with one
type-II segment and DACR with one type-III segment as
well as DACR with multiple segments. We acknowledge
that those abstractions are increasingly dependent on the
hardware of the continuum robot. Therefore, a deep dive
and over-generalization might not be appropriate. Never-
theless, some intuition and formulae are provided to guide
future work. Furthermore, for the sake of brevity, our ex-
ploration is limited to the symmetric arrangement (2).

5.1 Incorporating Twisting Segment
Assuming a fully constrained actuation path, one can

show that a rotational joint α(j) can create a helical ac-
tuation path [5]. Figure 4 illustrates a helical fully con-
strained actuation path. Using straightforward geometry
depicted in Fig. 4, a Pythagorean equation relates α(j) to
an increase of displacement ∆lα. After rearranging, one
can state

∆lα =

√(
α(j)d(j)

)2
+

(
l(j)

)2 − l(j).

This offset induced by α(j) is a constant equally applied
to all displacement-actuated joints in jth. This is similar to
l(j) for q(j) in Eqn. (14). Therefore, ∆lα vanishes when
applying the Clarke transform due to Eqn. (13).

Relaxing the assumption on the helical actuation
path, we can say that any function, i.e., ∆lα =
f
(
α(j), s

)
, will map to zero if ∆lα is an additive constant



Fig. 4. Helical fully constrained actuation path. This actuation
path lies in a plane that can be rolled out, revealing a linear func-
tion and a Pythagorean equation.

applied to Eqn. (14). Recap the properties (13). Figure 4
shows a non-helical example as well.

5.2 DACR with one Type-II or Type-III Segment
For DACR with one type-III segment, we can state

two transformations. As l(j) is not affected by α(j) and
∆lα is an additive offset, we can simply extend both rep-
resentations and the matrix. To include α in Eqn. (17),
this leads to

ρ(j)

β(j)

α(j)

 =

[
−MP 0n×2

02×n I2×2

]q(j)

β(j)

α(j)

 , (20)

where q(j) =
(
l(j) +∆lα

)
1n×1−ρ(j) is an extension of

Eqn. (14). A similar padding is used for Eqn. (18). This
leads to

ρ(j)

β(j)

α(j)

=


−MP 0n×1

1

n(j)
11×n

(
In×n +MR

PMP

)
0

01×n 1


[
q(j)

α(j)

]
,

where q(j) is compensated for ∆lα in order to achieve
Eqn. (14). Otherwise, Eqn. (15) does not hold and β(j)

depends on α(j). Further intuition on the compensation is
given in Sec. 5.3.

Regarding DACR with one type-II segment, we can
simplify Eqn. (20) accordingly. This is equivalent to sub-
stitute β(j) with α(j) in Eqn. (17).

Their inverse mapping is straightforward, too. One
can compare Eqn. (20) with Eqn. (17), which is resem-
ble Eqn. (7). For a DACR with one type-III segment,
the resulting inverse for the above mapping resembles
Eqn. (19).

5.3 Multiple Segments
Consider a DACR with two type-0 segments. Each

segment has symmetric joint arrangements, see Eqn. (2).
We distinguish two prominent cases. First, all segments
are interdependent actuated, i.e., actuators of the approxi-
mal segment cannot influence the distal segment and vice
versa. This is the case for pneumatic actuated joints. Sec-
ond, actuators of the distal segment cause the bending of
the proximal segment. This is the case for tendon-driven
continuum robots, where the tendons of the distal seg-
ment are routed through the proximal segment.

For the first case, i.e., independent segments, Eqn. (7)
can be applied independently for ρ(1) and ρ(2) or for
−q(1) and −q(2). A diagonal matrix with block matrix
MP as diagonal elements can be used for a compact
transformation.

For the second case, i.e., interdependent segments,
the difference between the actuation and joint space needs
to be clear. This also affects the definition of fdyn and
f−1

dyn , see Fig. 1. One might consider two approaches to
solve the boundary between the abstractions used for the
actuation and joint space. They are admittedly very simi-
lar. The unifying idea is reformulating the joint length

q(1) = l(1)1n×1 − ρ(1) and (21)

q(2) = l(2)1n×1 − ρ(2) + q(1) (22)

to the desired formulation in Eqn. (14). This can be done
after fdyn in the joint space or as part of fdyn in the actu-
ation space representing the two general approaches. In
the following, we only consider the former due to there
similarities.

Combining Eqn. (21) and Eqn. (22) in vectorized
form leads to

[
ρ(1)

ρ(2)

]
=

[
MP 02×n

02×n MP

][
ρ(1)

ρ(2)

]
(23)

after applying (7). The interdependency is apparent in

[
ρ(1)

ρ(2)

]
=

[
−MP 02×n

MP −MP

][
q(1)

q(2)

]
, (24)



when using joint length q(j). Due to properties (13), the
constant terms in Eqn. (21) and Eqn. (22) are omitted in
Eqn. (24).

6 DISCUSSION
We revisit and extend the abstraction displacement-

actuated continuum robot, which is distinct from the com-
monly used constant curvature abstraction in continuum
robotics. The constant curvature assumption [26] is an
abstraction of the arc space, while DACR is an abstrac-
tion of the joint space, see Fig. 1.

Our extended DACR abstration can account for seg-
ments of variable length and segments that can twist. The
former has gained more relevance recently [18], whereas
the latter is underutilized as an active degree of freedom
[5]. Furthermore, our extension includes their combina-
tion and multiple segments. While a deep dive relies on
the physical realization of the continuum robot, we hope
to provide intuition and insight to start with. For example,
the pattern in Eqn. (23) and in Eqn. (24) should be evi-
dent on how m interdependent segments scale. Further-
more, the reader can extend the forward mapping to in-
verse mapping and arbitrary joint locations (3) with ease.
This includes different numbers of joints for each seg-
ment.

The computation of the length l(j) via Eqn. (15) from
q(j) for Eqn. (18) and Eqn. (20) can be used to reduce the
number of sensors as a dedicated sensor for l(j) or β(j) is
not needed. It can also detect compression or decompres-
sion, i.e., a divergence from a desired l(j). More impor-
tantly, l(j) and β(j) are linearly correlated to q(j), which
is, in general, an undesirable property for an input. There-
fore, approaches utilizing, for example, a controller or a
neural network, might suffer from a loss in performance.

We note that we do not solve the kinematics of the
extensions. Our presentation is limited to possibilities
within the abstraction and the effect when applying the
Clarke transform. Constant offsets added to the displace-
ments ρ(j) are filtered out due to Eqn. (13). For example,
constant offsets induced by variable length or helical ac-
tuation path are mapped to zero. We also present a way
to recover the length from joint length q(j) without using
the dot product of q(j). This leads to a linear transforma-
tion (18), providing possibilities to simplify mathematical
formulations. Future work will investigate the kinematics
based on our extensions of the DACR abstraction. We
hypothesize that their forward and inverse kinematics can
be formulated as closed-form solutions as the one shown
by Grassmann et al. [12] for a DACR with one type-0
segment.

Both assumptions for the investigated abstraction

stated in Sec. 2 lead to a lower bound for the geomet-
ric smoothness, i.e., the backbone is at least G1 smooth.
The smoothness, the application of parallel curves, and
the sketch to derive the spatial case from the planar case,
which also implies a derivation of Eqn. (5) from Eqn. (1),
add to the geometric insights by Simaan et al. [29],
Burgner-Kahrs et al. [19], and Grassmann & Burgner-
Kahrs [15]. Besides the insights gained by the use of par-
allel curves, parallel curves provide an analytic and geo-
metric representation to extend spatial curves to area and
volume. Note that parallel curves are not necessarily the
same type as the original curve [21], i.e., the curve repre-
senting the backbone. Providing a rich source for future
directions, parallel curves and their extensions would al-
low for effective and efficient geometric approaches for
collision detection, obstacle avoidance, contact-navigated
path planning [30], and motion planning based on kine-
matics.

Furthermore, the definition of the abstraction reveals
implicit assumptions that might be hidden from the re-
searcher and practitioner. Note that the convention in
Eqn. (14), i.e., the direction of positive values, and the
boundaries between actuation and joint space, as dis-
cussed in Sec. 5.3, are important considerations, too. All
assumptions can also provide a source for further future
directions. For example, the tapered or cone-like contin-
uum structures could be considered by changing constant
d
(j)
i to variable d(j)i (s), where arc length s is a parame-

ter indicating the position on the neutral axis of the con-
tinuum structure. However, this would require extending
the Clarke transform [12] accordingly. Another example
is the limitation to kinematic parameters that assume the
absence of general forces as they would require the con-
sideration of dynamic parameters such as mass. There-
fore, deriving an equivalent abstraction that is useful for
dynamics is a promising future direction.

Finally, we highlight that the improved state param-
eterizations proposed by Della et al. [8], Allen et al. [9],
and Dian et al. [10] are specific instances of the Clarke
coordinates [14]. Furthermore, Clarke coordinates [12]
emerge directly from displacement representation (4) and
the abstraction of the joint space, see Fig. 1. Since Clarke
coordinates are a representation of the joint space, the im-
proved state parameterizations are representations of the
joint space and not necessarily a representation of the arc
space. Note that substituting θ(j) with l(j)κ(j) implies
the use of constant curvature assumption. Therefore, im-
proved state parameterizations are not limited to constant
curvature assumption [6], making them more general than
previously assumed and presented.



7 CONCLUSION
We investigate an abstraction called displacement-

actuated continuum robots and introduce their extensions
to consider length extension and twist. Furthermore, the
corresponding Clarke transform is provided. Those ab-
stractions provide the possibility to generalize and unify
approaches.
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