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Robotics is the art of transformations between spaces 



Robotics is the art of transformations between spaces 

At the same time, each of the spaces has its own pitfalls.



✤ Euler angles


✤ 12 sets, singularities, …


✤ unit quaternions


✤ double coverage, unit length


✤ rotation matrix


✤ 9 values, 6 constrains



✤ curvature


✤ coordinate singularities, …


✤ arc parameters


✤ linear combination


✤ non-linear combination


✤ intermediate space



✤ flow and effort of the system


✤ mostly position controlled


✤ a few torque controlled

[Grassmann et al., Frontiers 2024] “Open Continuum Robotics — One Actuation Module to Create them All”



✤ improved state representations


✤ limited to 3 and 4 joints


✤ missing manifold


✤ overlooked constrains

[Della Santina et al., RA-L 2020] “On an Improved State Parametrization for Soft Robots with Piecewise Constant Curvature and Its Use in Model-Based Control” 
[Allen et al., RoboSoft 2020] “Closed-Form Non-Singular Constant-Curvature Continuum Manipulator Kinematics” 
[Dian et al., Access 2022] “A Novel Disturbance-Rejection Control Framework for Cable-Driven Continuum Robots With Improved State Parameterization”





We need to master this





Unknown

Unknown



Ripple Effects

[Dalvand et al., Access 2022][Dalvand et al., Access 2022]

[Dalvand et al., Access 2022] “General Forward Kinematics for Tendon-Driven Continuum Robots”

robot-dependent mapping for n actuators

current state-of-the-art approachthe problem

known for n=3 and n=4 actuators

?



Abstraction — DACR

[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Displacement-Actuated Continuum Robot: A Joint Space Abstraction”

Displacement-Actuated Continuum Robot



Clarke Transform and Clarke Coordinates

[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics”

fl = M≠1
P fl œ Rnfl = MPfl œ R2

Forward Backward

Clarke Transform 
(manuscript on arXiv)



Clarke Transform and Clarke Coordinates

[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics”

Clarke Transform provide solution that are 

exact, closed-formed, and interpretable.

fl = M≠1
P fl œ Rnfl = MPfl œ R2

Forward Backward

Clarke Transform 
(manuscript on arXiv)



Robot-Dependent Mapping

[Dalvand et al., Access 2022][Dalvand et al., Access 2022]

without utilizing the manifold

[Dalvand et al., Access 2022] “General Forward Kinematics for Tendon-Driven Continuum Robots” 
[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics”



Robot-Dependent Mapping

[Dalvand et al., Access 2022][Dalvand et al., Access 2022]

without utilizing the manifold

[Dalvand et al., Access 2022] “General Forward Kinematics for Tendon-Driven Continuum Robots” 
[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics”

utilizing the manifold



Interpretable

[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Using Clarke Transform to Create a Framework on the Manifold” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Clarke Coordinates Are Generalized Improved State Parametrization for Continuum Robots”  
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Displacement-Actuated Continuum Robots: A Joint Space Abstraction”



Applicable Beyond Constant-Curvature 

[Grassmann & Burgner-Kahrs, arXiv (under review)] “Using Clarke Transform to Create a Framework on the Manifold” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Displacement-Actuated Continuum Robots: A Joint Space Abstraction”

5
d„ cos (◊)
d„ sin (◊)

6
= fl = MPfl



Improved State Parameterizations

[Della Santina et al., RA-L 2020] “On an Improved State Parametrization for Soft Robots with Piecewise Constant Curvature and Its Use in Model-Based Control” 
[Allen et al., RoboSoft 2020] “Closed-Form Non-Singular Constant-Curvature Continuum Manipulator Kinematics” 
[Dian et al., Access 2022] “A Novel Disturbance-Rejection Control Framework for Cable-Driven Continuum Robots With Improved State Parameterization” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Clarke Coordinates Are Generalized Improved State Parametrization for Continuum Robots”

Reference n Parameterization w.r.t. joint values Parameterization w.r.t. Clarke Coordinates

Della Santina et al. 4 �x = l3 ≠ l1
2 �y = l4 ≠ l2

2 �x = flRe �y = flIm

Allen et al. 3 u = l2 ≠ l3Ô
3d

v = (l1 + l2 + l3) /3 ≠ l1
d

v = (1/d) flRe u = (1/d) flIm

Allen et al. 4 u = l2 ≠ l4
d

v = l3 ≠ l1
d

v = (2/d) flRe u = (2/d) flIm

Dian et al. 3 �x = l2 + l3 ≠ 2l1
3 �y = l3 ≠ l2Ô

3
�x = flRe �y = flIm

Grassmann et al. n [flRe, flIm]€ = MPfl flRe flIm



Arbitrary Joint Locations

[Grassmann & Burgner-Kahrs, RoboSoft 2025] “Clarke Transform and Encoder-Decoder Architecture for Arbitrary Joint Location in Displacement-Actuated Continuum Robots”



Re-using Previous Approaches

shared manifold

fl(robot B) =

adds design parameters of robot B
˙ ˝¸ ˚
l(robot B) diag

!
di,(robot B)

"
M≠1

P (robot B) · 1
l(robot A)

MP (robot A) diag
3 1

di,(robot A)

4

¸ ˚˙ ˝
removes design parameters of robot A

fl(robot A)

[Grassmann & Burgner-Kahrs, RoboSoft 2025] “Clarke Transform and Encoder-Decoder Architecture for Arbitrary Joint Location in Displacement-Actuated Continuum Robots”
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l(robot A)

MP (robot A) diag
3 1
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removes design parameters of robot A
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[Grassmann & Burgner-Kahrs, RoboSoft 2025] “Clarke Transform and Encoder-Decoder Architecture for Arbitrary Joint Location in Displacement-Actuated Continuum Robots”

Lingua Franca

Clarke Transform & Clarke Coordinates
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[Grassmann et al., arXiv (under review)] “Clarke Transform — A Fundamental Tool for Continuum Robotics” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Using Clarke Transform to Create a Framework on the Manifold”



Simple Units

[Grassmann & Burgner-Kahrs, RoboSoft 2025] “Clarke Transform and Encoder-Decoder Architecture for Arbitrary Joint Location in Displacement-Actuated Continuum Robots” 
[Grassmann & Burgner-Kahrs, arXiv (under review)] “Using Clarke Transform to Create a Framework on the Manifold”
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Concatenation of Units
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Concatenation of Units

[Grassmann & Burgner-Kahrs, arXiv (under review)] “Using Clarke Transform to Create a Framework on the Manifold”



Takeaway: Prelude of Benchmarking

313

right definition and abstraction manifolds and parameterization testable units

I. II. III.


